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Motivation: implicit nonlinear structural dynamics

Collaborator: Matthew Barone (Sandia)

m Finite-element model m Significant simulation costs
m 500,000 elements m 3 days, 64 cores
m 20,000 time steps m Solver the dominant cost

Objective: improve solver efficiency
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Mathematical formulation

Y .j:]'7"'7p
a(xj) = Cx;

m A; € R™" sparse and symmetric positive definite
| bj e R"
m g(x}) € RY a quantity of interest

Goal: compute inexact solutions x; that satisfy
||bj—AJ'XjH2§6j, j:].,...,p.

Approach: goal-oriented Krylov-subspace recycling for PCG
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Notation

k - - Cipa—
m K9 (x) == span{M; ! (b; — Aix) ..., (M7 1A IM (b — Aix)}
m range(W) =W, w = dim(W)
m PY (x): ©®-orthogonal projection of vector x onto subspace W:
PY (x) = in||x —
e (x) =arg min [lx —yfle

— W (W' ew) " w’ex.
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Krylov-subspace recycling

Purpose: reduce solver cost by reusing previous data

Solve over ‘augmenting subspace’ ;

Vi oV s
X;’ = Py (x7)
YTA Y =YTb;, x7 =Y

Yy =Y b, Xt =y

Solve over ‘augmented Krylov subspace’ ), +IC(k)( X 0
k) Vit k)(x )
xj =P, (x7)
! (ki)
~ ki R .
VJTAJVJVJ = VJTbj7 XJ- = ijj + VjVj
Properties: YJ.TAJ-VJ- =0

V@V =Y+ K9k

k=1,...,k
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Choices of augmenting subspaces

All previous vectors [Rey, 1994, Farhat et al., 2000, Risler and Rey, 2000]

Yj = range([V1 --- Vj1]).

+ minimizes iteration count and latency costs
- large storage and bandwidth costs

Truncation methods
Vi Crange([V1 -+ Vj_1]).

+ lower storage and bandwidth costs
- larger iteration count and latency costs
m Deflation
[Chapman and Saad, 1997, Rey and Risler, 1998, Parks et al., 2007]
+ low effective condition number
- effective only for specialized spectra
m Optimal truncation [De Sturler, 1999, Parks et al., 2007]
4+ most accurate representation during orthogonalization

- does not target inexact solutions
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Our idea

Goal-oriented subspace truncation via model reduction

m Model reduction computes a low-dim subspace that captures
-+ an accurate solution, as measured in an

+ output quantity of interest.
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Outline

Goal-oriented subspace truncation via model reduction
H Efficient augmented PCG algorithm
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Outline

Goal-oriented subspace truncation via model reduction
Efficient augmented PCG algorithm
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Derivation

[. Optimal recycling subspace

0

[I. Optimal POD subspace
{

[1l. Computable POD subspace

m Subspaces | and Il satisfy related optimality properties.

m Can bound the distance between subspaces Il and IlI.
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Krylov-subspace recycling and model reduction

Optimal recycling subspaces:
Goal 1: Minimize error of solution in A;-norm:

:yf = argmin ||(I - PX/)XIHAN
yEg(yj,n)

Goal 2: Minimize error of quantity of interest in /2-norm:
yj* = argmin ||(I — PX/)X;H(ZT(:.
Yed(y;,n)

POD subspace [Lorenz, 1956, Carlberg and Farhat, 2011]

U2 (S,v)=arg min I — P3) (vis; 2, =1,...,s.
P =arg min SI(1-P8) (s)le”s

POD Ingredients:

snapshots S € R"™**

A weights v € R®

pseudometric @ € R™*" (symmetric positive semidefinite)
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Goal 1: Optimal recycling subspace:

yj* = argmin ||(I - P{/)xjHA/,
Yeg(y;.n)

Theorem (Optimal POD subspace 1)
The POD subspace with
snapshots S = Z; == [V --- Vj_q]
B weights v = (Z]A;Z))
metric @ = A;

minimizes an upper bound for ||(I — PX/)XJ*HAJ- over all subspaces
of Zj g R"™.

1
Z]b;
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Goal 2: Optimal recycling subspace:

)71* = argmin ||(1 — P%J)xj”crc.
yeg(yj,n)

Theorem (Optimal POD subspace 2)
The POD subspace with

snapshots S = Z;

A weights v = (CZ;)" Cx;

metric ® = CTC

minimizes an upper bound for ||(I — ij)XchTc over all subspaces
of Z; CR".
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Derivation

I. Optimal recycling subspace

{
Optimal POD subspace
i)

I1l. Computable POD subspace

m Subspaces | and Il satisfy related optimality properties.

m Can bound the distance between subspaces Il and IlI.
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Computable POD subspaces

Method snapshots S weights ’y metric ©
Optimal POD Z (ZTA Zj) ZJ-Tbj A,
Practical POD 1 Z prev Ai_,
Practical POD 2 Z; {?BF A
Table: Goal 1

Method snapshots S | weights v | metric ©
Optimal POD Z; (Cz))'cxr | C'c
Practical POD 1 Z; nt"e c’c
Practical POD 2 Z; ﬁBF c’c
Table: Goal 2
ne = (2] Ai1Z;) 2] b
RBF

POD-augmented CG

ZPRBF(J j=imis

Carlberg, Forstall, Tuminaro
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Distance between optimal and computable POD subspaces

Theorem

The distance between two POD subspaces:
U? (metric ©°, weights [?, snapshots S)
UP (metric ©°, weights I'®, snapshots S )
can be bounded as
d (U, UP) <w(ST?)k([M]1rove).
(H(re+r) (r*— )i 's7etsr|;
+ 17 — ©"|IST*|3) /abssep(AL, A°).
m abssep(A1, N2) := minz|,—1 [[MZ — ZN;||2

m Vb e S (R®) and N° € RV first y eigenvectors and eigenvalues
of F’sTe’sr*

m N° : eigenvalues of orthogonal complement to the subspace spanned
by the first y eigenvectors of [°ST@°SI?.
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Outline

Goal-oriented subspace truncation via model reduction
Efficient augmented PCG algorithm
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Hybrid direct/iterative method

Typical augmented PCG:

Directly solve over augmenting subspace );
T o T
Yj Aijyj = Y_] bj

- Expensive when the augmenting space becomes large

Proposed augmented PCG:
m Execute step 1 more efficiently using a hybrid direct/iterative method
m Leverage properties of POD subspace );:

First few POD vectors span a ‘dominant’ low-dimensional
subspace W; C Y
Reduced matrix YJ-TAij is well conditioned
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Stages 1-2: augmenting-subspace solve

Directly solve over low-dim, ‘dominant’ subspace W; C J;:
T A Th.
Wj AjoWj = Wj bj
Iteratively solve over augmenting subspace );:
T N T A
Y/ AY9; =Y, (bj — AWji;)
m Generates search directions X; satisfying
T
X;AW; =0, WiedX; C);
+ Assembling YJ-TAij not required
+ Converges quickly with no preconditioner

+ Accurate solution after stage 2
+ Solution nearly optimal over entire augmenting subspace );:
~ S WS X; *\ ~o y *
Wi, + X;%; = P/ (x}) = Py (%))
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Stages 3: full-space solve

Iteratively solve over the full space:

* ~ A
Ajéxj = bj — AjoWj — AJ'XJ'XJ'

m Generates search directions V; satisfying

T
Vi AjW;, Xj] =0
- Not optimal over entire augmenting subspace )
" - N W0X;aV; VitV
Wiw; + X;%; + Vi = P70 (x5) # Pal 7 (%))

- Direct orthogonalization against ); requires assembling YJ-TAJ-YJ-

Idea: iteratively orthogonalize against augmenting subspace Y;
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Proposed augmented PCG algorithm

Input: A, b, ¢, augmenting-subspace basis Y, preconditioner M
Output: Krylov basis V, Krylov-basis solution v, step lengths I’
1: r0 = b; 200 = M1,
2: Stages 1-2: direct/iterative solve YTAY u(®) = YT AZ(®)
{augmenting-subspace solve}
3: p@ = z(0_vy )
{Begin Stage 3}
for k=0,1,... do
76 = (ApK), p(R)Y; oK) = (k) 2(K)) /7(K)
x(k1) = x(K) 4 (K)p(k)
r(k+1) = r(k) — a(k)Ap(k)’ Z(k+1) = M_lr(k""l)
Blkt1) — (r(k+1),Z(k+1))/(r(k),z(k))
Stage 2: iteratively solve YTAY p(k+1) = YT Az(k+1)
{orthogonalization}
10.  plktD) = zlkt1) 4 gkt (k) _y g (k+1)
11: if [r**D| < ¢ then Exit. end if
12: end for
13: 0= [a® ... ok-D]T v =[p@ ... p-D], [ = diag(y©),... 5k D)

© o o0
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Problem 1: ‘Pancake’ problem (SIERRA/SolidMechanics)

m Material: steel m BC: pressure (red), contact

m Model thermal effects and (blue), temperature (green)

contact; neglect inertial effects m 2.7 x 10* degrees of freedom
Time step i, continuation iteration /:

£ () + F (u, X = F%(t), €=1,...,L, i=1,..,T,
Nonlinear CG iteration k:

- Aj _ vufint uf(k) + vufcontact Uf(k), )\g)
?(k) 2\

- bj _ vfext(ti) _ fint (ulé(k)) _ f-contact (U,
m Preconditioner: 3-level AMG, incomplete Cholesky smoothing
m 47 total linear systems
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Problem 2: |-beam problem (SIERRA/SolidMechanics)

m Material: steel 304-L m Torsional traction applied to

m Neglect inertial, thermal effects end surfaces
m 3.9 x 10* degrees of freedom

Time step i: _
fmt(ui):feXt(ti)a i:]-a"'aTa

Nonlinear CG iteration k:
] AJ = vufint (U’e(k)>
m b= V() - £ (uf)
m Preconditioner: 4-level AMG, incomplete Cholesky smoothing

m 49 total linear systems
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Problem 1: all methods

= 3 .
g " L N —%¥— no recycling
g‘g ; 22,,.._.-"_-_--:,2 """" T";’{.":'_ e =P no truncation
_%'8 0 ' deflation
fo
T . == POD stages 1/2
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—&— POD stage1
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un
£
=
£ 8

tolerance

m Preconditioner dominates cost
m Recycling provides a significant benefit
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Problem 2: all methods

5 10! . . . . .
T —e— no recycling

5 .
£s - - e - -4 no truncation
: — ———— .
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B G e I
E 10° i . . . , ~+ POD stages 1/2
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m Recycling (again) provides a significant benefit
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Problem 1: recycling methods only

S 10 -
2
ke o p == - =P —=P>- - - % —p notruncation
T 2 q02FTT S = .
2B Y f B e —o— deflation
B8 10’ . . . ~=- POD stages 1/2
1S -1 2 -3 -4 -5 6

—&— PODstage1
5., 10° . . : .
c _ *
£2 10} = e P----- L s
=k 1;__/?
S5 100
O Q. 10 L 1 1 1
0% -1 2 3 -4 -5 -6
o
[y
EE
=0

tolerance

E no truncation: max mat-vec, min preconditioner
m deflation: max mat-vec (truncation), preconditioner, wall time

m POD: min mat-vec (stages 1/2); lower preconditioner and wall time
than deflation
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Problem 2: recycling methods only

% no truncation
E ~4- deflation

~+- POD stages 1/2
()
10-0.5 -1 15 2 25 3 ~—b- PODstagea

- .
v
!

matrix—vector
products
>

preconditioner
applications

walltime
(seconds)

tolerance
® no truncation: max mat—vec, min preconditioner

m deflation: max mat—vec (truncation), preconditioner, wall time

m POD: min mat—vec (stages 1/2); lower preconditioner than

deflation; lowest wall time!
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Problem 1: output quantity of interest

5 6 - ©- -6 - ©- -0 - ©- -0- - ©- —0- — ©— -b —0 notruncation
‘gg soor 1 —# deflation
> 35 r__*_*_*___*.__*__—*-———*‘_'*—_—*—_a
L3 y ..A.. POD stages 1/2
2g 10of PSP ;
% = 50‘,....,..¢,_,..,?...,..,_,._,?,._.,,,..m?..m.a —&- output metric
€ -2 -4 6 8 G0 _, PODstages1/2
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3
"
c
S5
85
28
Sa
o
e85
Q.
[Ty
E2
=2
©
=8

0 -1 2 -3 -4 5 6 7 -8 9 -10
output tolerance

® no truncation: max mat—vec, min preconditioner
m POD outperforms deflation

m POD: output metric outperforms A; metric
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Problem 2: output quantity of interest

-0 no truncation
-0 —#— deflation

...A... POD stages /2
output metric

o
o
]

N
a
o

o
S

matrix—vector
products

POD stages 1/2
Ajmetric

-4 -6 -8 0 —b

preconditioner
applications

%

N RO N

walltime
(seconds)

o oo

output tolerance

® no truncation: max mat—vec, min preconditioner

m POD outperforms deflation

m POD: output metric outperforms A; metric
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Summary

1 Goal-oriented POD ingredients for truncation
m Close relationship between model reduction and
Krylov-subspace recycling
m Proposed computable POD ingredients
2 Hybrid direct/iterative method
m Efficient solution over augmenting subspace
m Numerical experiments

+ Recycling was always beneficial

+ POD outperformed deflation

+ POD performed best for inexact tolerances on output quantity
of interest
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